Abstract. We provide explicit, simple, geometric formulas for free involutions r of Euclidean spheres that are not conjugate to the antipodal involution. Therefore the quotient S n =r is a manifold that is homotopically equivalent but not di¤eomorphic to RP n . We use these formulas for constructing explicit non-trivial elements in p 1 Di¤ðS 5 Þ and p 1 Di¤ðS 13 Þ and to provide explicit formulas for non-cancellation phenomena in group actions.
Introduction
A smooth free involution r on a sphere S n is called exotic if it is not conjugate by a di¤eomorphism to the standard antipodal involution aðxÞ ¼ Àx. The quotient S n =r is then a manifold that is homotopically equivalent but not di¤eomorphic to the standard real projective space RP n . Exotic involutions of S n do not exist for n e 3, see [25] .
There are several methods of constructing exotic involutions in higher dimensions. The first examples of such involutions were constructed by Hirsch and Milnor [20] on S 5 and S 6 , as restrictions to invariant (standard) spheres of certain free involutions on exotic spheres. Then there are examples constructed via surgery, e.g. [1] , [8] , [14] . The reader can see also the basic reference [26] for topological and di¤erentiable invariants of involutions, and the classification and discussion using analytical methods in [2] , [29] .
A di¤erent path in the construction of exotic involutions is given by simple involutions that restrict to involutions of Brieskorn spheres ( [2] , [6] , [21] , [22] ). These have been used, for example, in the work of Grove and Ziller [16] to construct metrics of non-negative sectional curvature on exotic real projective spaces of dimension 5, and by Boyer, Galicki, and Nakamaye [5] to construct Sasakian metrics of positive Ricci curvature on exotic real projective spaces of dimension 4m þ 1.
In this paper we construct free exotic involutions of Euclidean spheres S n , for n ¼ 5; 6; 13; 14. The origin of the formulas is quite geometric: Recall that a Riemannian metric is called wiedersehen with respect to points N and S in a manifold M if every geodesic emanating from N reaches S at a fixed length l and vice versa. The wiedersehen property at a point implies that M is homeomorphic to the sphere (see the book [4] for a complete discussion). Lifting these geodesics to total spaces of bundles over spheres, one gets many results and explicit formulas in di¤erential and algebraic topology ( [11] , [12] , [30] , [31] ).
In dimensions 5 and 6, our involutions are essentially geometric formulas for the Hirsch-Milnor involutions. These involutions are given by restrictions of a natural involution of the Milnor exotic sphere S 7 2; À1 to certain invariant submanifolds S 6 and S 5 that, by Morse theory, turn out to be spheres.
Using the geodesics of a wiedersehen metric of S 7 2; À1 constructed in [11] , we transfer the Hirsch-Milnor involutions from the invariant 6-sphere S, now realized as the ''equator'' with respect to the metric, to the Euclidean 6-sphere contained in the tangent space at a point of S 7 2; À1 . The geometric origin of these involutions is reflected in several features:
In contrast to the works above, our exotic involutions are described by simple explicit formulas on the respective standard Euclidean spheres (as opposed to Brieskorn spheres, or spheres inside of exotic spheres); the simplicity of the formulas also translates to an elementary pictorial description of the involutions (see Figures 1, 2, 3 in Section 2).
We can extend the constructions by substituting quaternions by Cayley numbers everywhere, thus getting exotic involutions of spheres in dimensions 13 and 14. These extensions are not immediate, since there is no Cayley analog of the Gromoll-Meyer fibration Spð2Þ ! S 7 2; À1 . This kind of phenomenon-the non-trivial extensions to the Cayley casealready appears in [12] .
The proof of the exoticity of the involutions is rather di¤erent from the usual ones: for S 6 and S 14 , we describe precisely the Z 2 -action on Di¤ þ ðS n Þ of conjugation by the antipodal map. This leads to several interesting open questions regarding the structure of the relevant di¤eomorphisms groups (see Section 3). For S 5 and S 13 , the involutions are shown to be exotic using the fact that gluing di¤eomorphisms s in p 0 Di¤ þ ðS 6 Þ and p 0 Di¤ þ ðS 14 Þ have explicit lifts under the boundary map
Þ. This is done in Section 4.
The fact that these constructions admit lots of symmetries is exploited in [13] , where in particular we provide an explicit cohomogeneity one di¤eomorphism between a Brieskorn sphere and the standard sphere S 5 which relates our constructions to the usual Brieskorn ones. Again, extensions to the Cayley case are given there. From these computations and known results [26] , [33] it follows that our S 5 =r and S 13 =r are not homeomorphic to the standard real projective spaces RP 5 and RP 13 .
Actually the discovery of the formulas for the involutions was somewhat serendipitous, while we looked for geometric models of bundles over exotic spheres. This is reflected by an application of these exotic involutions, the construction of a very explicit example of non-cancellation phenomenon in group actions: concretely, we will give non-conjugate actions r 1 , r 2 of Z 2 Â S 3 on X ¼ S 6 Â S 3 such that the restricted Z 2 -and S 3 -actions are conjugate, that is, ''neither factor can be cancelled'' (see Section 6 for details). Again, the formulas for these actions come from trivializations of bundles using the geodesics of wiedersehen metrics.
Preliminaries. We summarize here the fundamental topological facts that we need throughout the paper (see e.g. [23] , [24] ): Let Di¤ þ ðS nÀ1 Þ and Di¤ þ ðD n Þ denote the group of orientation-preserving di¤eomorphisms of S nÀ1 and D n , respectively. Via the restriction homomorphism, Di¤ þ ðD n Þ can be regarded as a normal subgroup of Di¤ þ ðS nÀ1 Þ. The quotient group
is abelian and consists of the equivalence classes of isotopic orientation preserving di¤eo-morphisms of S nÀ1 .
The group Y n is the abelian group of h-cobordism classes of homotopy n-spheres under the connected sum operation. For n f 5, every homotopy n-sphere is homeomorphic to S n and two homotopy n-spheres are h-cobordant if and only if they are orientation preservingly di¤eomorphic. Thus, Y n can be regarded as the group of all di¤eomorphism classes of di¤erentiable structures on the topological n-sphere. For n f 5, Y n is isomorphic to G n . The isomorphism G n ! Y n is given by using s A Di¤ þ ðS n Þ to glue a twisted n-sphere from two disks.
The group Y n (and thus the group G n for n f 5) contains an important normal subgroup bP nþ1 . This group consists of all h-cobordism classes of homotopy n-spheres that bound parallelizable manifolds.
Explicit involutions of Euclidean spheres
Let H and Ca denote the quaternions and the Cayley numbers, respectively, and let < and = denote the real and imaginary parts. Moreover, write
and similarly
Consider the (continuous) map b :
given by bð p; wÞ ¼ w jwj e pp w jwj ; w 3 0;
À1; w ¼ 0;
where e x denotes the exponential map of the group S 3 of unit quaternions; thus e pp ¼ cosðpjpjÞ þ sinðpjpjÞð p=jpjÞ. The map b is a real analytic map whose homotopy class generates p 6 ðS 3 Þ (resp. p 14 ðS 7 Þ, see [12] ). We call these maps Blakers-Massey elements. The map b in the 6-dimensional case is found using the wiedersehen metric to explicitly repre-sent the boundary map of the homotopy sequence of the fibration S 3 Á Á Á Spð2Þ ! S 7 . This method has also been used in [30] , [31] The map s is a real analytic, orientation-preserving di¤eomorphism that is not isotopic to the identity. Therefore the union of two 7-disks (resp. 15-disks) by s is an exotic sphere S. This map is also found using the pointed wiedersehen metric (in the 7-dimensional case):
S exp N , where N and S denote the wiedersehen points of the metric (see [11] for details). In the 7-dimensional case, S generates the group G 7 G Z 28 , and in the 15-dimensional case, S generates the first factor in [11] , [12] ).
The Blakers-Massey element b and the exotic di¤eomorphism s obey some remarkable algebraic relations; see [12] , section 3.2. We enumerate these properties here since we consider them to be at the heart of the exotic phenomena represented by these maps:
(1) The maps b and s are equivariant under automorphisms of H (resp. Ca). In the quaternionic case this means that for unit q, we have b À Ad q ð p; wÞ Á ¼ Ad q bð p; wÞ, and s À Ad q ð p; wÞ Á ¼ Ad q sð p; wÞ, where we have abused notation and extended Ad q diagonally when applicable, e.g. Ad q ð p; wÞ ¼ ðqpq; qwqÞ, etc. In the case of Cayley numbers, although conjugation by a nonreal Cayley number is not an automorphism, these equations hold provided that q lies in the subalgebra generated by p and w.
(2) bðÀp; ÀwÞ ¼ bð p; wÞ. Let us consider now the map r ¼ as, where a is the antipodal map of the sphere. We have Theorem 1. The map r is a free involution of S 6 (resp. S 14 ).
Proof. The fact that r is an involution follows from the properties of b and s listed above; indeed, In order to prove that r is free, first note that rð p; wÞ ¼ ð p; wÞ means that both p and w anticommute with bð p; wÞ; equivalently, the real parts of w and bð p; wÞ are zero (and the real part of p is zero by definition), and bð p; wÞ is orthogonal to both p and w.
Note that e pp ¼ cosðpjpjÞ þ sinðpjpjÞ p jpj ; thus < À bð p; wÞ Á ¼ 0 if and only if jpj ¼ 1=2 and
Using the substitution p 7 ! qpq, w 7 ! qwq, we can assume that p ¼ i=2
From the fact that bð p; wÞ anticommutes with p we get cosð2yÞ ¼ 0 and hence sinð2yÞ ¼ G1. Thus y ¼ p=4 or y ¼ 3p=4. In none of the two cases w anticommutes with bð p; wÞ. This argument generalizes to the Cayley case since we are dealing with the algebra generated by p and w and therefore everything happens in a copy of H inside of Ca. r
Note that the map r restricts to the 5-sphere (resp. 13-sphere) given by the condition <ðwÞ ¼ 0. In the next two sections we will show that all of these involutions are exotic; we finish this section by giving a pictorial sequence in Figures 1 to 3 showing the involution on S 5 , done by translating the fact that the conjugation x 7 ! qxq À1 by a unit quaternion q acting on a purely imaginary x is given by rotating x along the axis =ðqÞ with angle y, where cosðyÞ ¼ 2<ðqÞ 2 À 1.
It can be read easily from Figures 1 to 3 that the map constructed is a fixed point free involution of S 5 :
If w ! 0 then jpj ! 1. Hence in the second step we get close to a rotation by 360 , i.e., to the identity of S 5 . The map therefore extends at least continuously to the case where w ¼ 0. If w and p are linearly dependent, the image of w and p is just Àw and Àp. If w and p are linearly independent the axis of rotation constructed in the first step is still contained in the plane spanned by w and p. Hence, they cannot be mapped to Àw and Àp in the second step. This shows that the map is fixed point free.
When the map is applied to w 0 and p 0 the axis constructed in the first step is given by the central direction of the cones opening downwards. In the second step one rotates around this axis by an angle of jp 0 j Á 360 (observe the right-hand rule). Since jp 0 j ¼ jpj this gives Àw and Àp. Hence in the final step one is back at w and p. This shows that the map is an involution.
Of course, it would be nice to see from the pictorial description of the involution why it is exotic (without going up in dimension to S 7 2; À1 ).
An involution of Di¤
Now let us prove that r is not equivalent (in the conjugation sense) to the antipodal involution a. In order to accomplish that, consider the following
or, more simply, AðhÞðxÞ ¼ ÀhðÀxÞ:
Note that, being conjugation, A is a group isomorphism; Aðhf Þ ¼ AðhÞAð f Þ in the group Di¤ þ ðS nÀ1 Þ. Note also that if two di¤eomorphisms h 0 and h 1 are joined by a curve of di¤eomorphism h t , then Aðh t Þ joins Aðh 0 Þ to Aðh 1 Þ through di¤eomorphisms. There- fore A descends to an action on p 0 Di¤ þ ðS nÀ1 Þ ¼ G n ; which by abuse of notation we also denote by A.
In the particular case of n ¼ 7 or n ¼ 15, we can explicitly compute how this action behaves in G 7 G Z 28 and in the index 2 subgroup bP 16 G Z 8128 of G 15 by acting on the known representative s of the generator. In fact, Brumfiel [7] has shown that
An easy computation using the basic properties of b and s shows the following:
Thus the action on G 7 and on the subgroup bP 16 H G 15 is given by
It would be very interesting to find how A acts on the complement of bP 16 H G 15 . Clearly, it maps the elements of order 2 into themselves. So the question boils down to whether A interchanges ð0; 1Þ and ð4064; 1Þ or not. Alas, we do not have any explicit representative to decide this.
We are now ready to show that r is not conjugate to the identity: Theorem 2. The map r is not conjugate to the antipodal map, i.e., there is no di¤eo-morphism h : S 6 ! S 6 (resp. h : S 14 ! S 14 ) that satisfies hrh À1 ¼ a.
Proof. Let us assume that such a di¤eomorphism exists. Without loss of generality, we can suppose that h is orientation preserving, since if there exists an orientation reversing di¤eomorphism j such that jrj À1 ¼ a, the di¤eomorphism h ¼ aj satisfies the same equation and is orientation preserving. Now, we have,
Taking isotopy classes on both sides, we have
where the term t only appears in the 14-dimensional situation; t is zero except in the case that ½h ¼ ðn; 1Þ A Z 8128 l Z 2 G G 15 , and A interchanges ð0; 1Þ and ð4064; 1Þ. Then, t ¼ ð4064; 0Þ. In any case, s is even inside of bP 8 G Z 28 (resp. bP 16 G Z 8128 ), which contradicts the fact that s is a generator. r Let us give some remarks on the proof. Notice that with the relation s k ð p; wÞ ¼ Ad b k ð p; wÞ ð p; wÞ (property (3) above), the same computations as in Theorem 1 show that the maps r k ¼ as k are also free involutions. However, the proof of Theorem 2 only shows that r k is exotic for odd k. Indeed this must be so, since we have
and therefore all the r k for k even are conjugate among themselves (in particular conjugate to the antipodal map a), and all the odd r k are conjugate to r 1 ¼ as.
In fact, what we have done amounts to an analysis of the combinatorics of the pathconnected components of Di¤ðS 6 Þ (and half of the components of Di¤ðS 14 Þ, but for simplicity we just discuss the S 6 -case). Indeed, Di¤ðS 6 Þ has 56 connected components, half of which are orientation preserving and the other half orientation reversing. The orientation preserving components are represented by the classes ½Id; ½s; ½s 2 ; . . . ; ½s 27 whereas the orientation reversing components are represented by the classes ½a; ½as; ½as 2 ; . . . ; ½as 27 . We have that conjugation by the antipodal map acts, on each of these halves, by n 7 ! Àn in Z 28 , that is, by fixing ½Id (resp. ½a) and the component of s 14 (resp. ½as 14 ) , and permuting symmetrically the rest ½s n 7 ! ½s 28Àn (resp. ½as n 7 ! ½as 28Àn Þ. As an additional by-product of this proof, we also get (compare [27] ).
Theorem 3. Every orientation reversing di¤eomorphism of S
6 is isotopic to a free involution.
Let us close this section with several remarks and questions from the global analysis point of view: The identity homeomorphism is a fixed point of the Z 2 -action A. Any orientation preserving fixed point of this action must lie either in the component of the identity or in the component of s 14 The relevance of such an involution is that it would be a di¤eomorphism that realizes the isotopy s 28 G Id ''on the nose'', thus greatly helping in the understanding of exotic diffeomorphisms and exotic spheres.
We can broaden these questions as follows:
Question. Which isotopy classes of orientation-preserving di¤eomorphisms can be realized by maps of finite order?
For example, find a di¤eomorphism h :
Explicit answers to these questions would provide exotic di¤eomorphisms that improve upon the di¤eomorphism s, since they would express the group structure of G 7 G Z 28 in a direct way. Also, note that the main commutation relation can be expressed as the statement that the powers s k of s are contained in the subset of Di¤ þ ðS 6 Þ where the A-orbit and the B-orbit coincide. It would be interesting to study the structure of this subset; in particular, to find some other elements.
Restriction to invariant spheres
As we have remarked, the exotic involution r of S 6 (resp. S 14 ) has an invariant 5-sphere (resp. invariant 13-sphere) given by the <ðwÞ ¼ 0. We have Theorem 4. The restriction of r to S 5 (resp. S 13 ) is a free involution that is not conjugate to the antipodal map.
The proof for S 5 could be copied from [20] in the 5-dimensional case. However, their proof breaks down in S 13 since there are exotic 13-spheres. In the rest of this section we prove both cases at once using the boundary map q in the classical exact sequence
By a theorem of Cerf [9] , p 0 Di¤ þ ðD n Þ ¼ 0 for n f 6. In our context, Cerf 's result implies that there are loopsŝ s in Di¤ þ ðS 5 Þ and Di¤ þ ðS 13 Þ which map under q to di¤eomorphisms of S 6 and S 14 that are isotopic to our exotic di¤eomorphisms s. It is not a priori clear that such loopsŝ s can be given explicitly.
However, the concrete formula for s is of such a form, as we shall see in Lemma 1 below. In line with the spirit of this paper, we shall use these explicit loopsŝ s to prove Theorem 4; they give identities of maps at several instances that induce very concrete homotopy identities. Moreover, our proof becomes independent of Cerf 's theorem this way.
Let us now recall a concrete definition of the boundary homomorphism q. The elements of p 1 Di¤ þ ðS nÀ1 Þ can be represented by pathsb b : ½0; 1 ! Di¤ þ ðS nÀ1 Þ that map a neighborhood of f0; 1g to the identity map. By standard approximation results, it can be assumed that such a pathb b induces a smooth map S nÀ1 Â ½0; 1 ! S nÀ1 , which is, by abuse of notation, again denoted byb b. The image ofb b under the boundary map q is now given by qðb bÞ : S nÀ1 Â ½0; 1 ! S nÀ1 Â ½0; 1;
ðx; tÞ 7 ! Àb bðx; tÞ; t Á :
Clearly, qðb bÞ is an orientation preserving di¤eomorphism of the cylinder S nÀ1 Â ½0; 1 which coincides with the identity in a neighborhood of the boundary. Thus qðb bÞ induces an orientation preserving di¤eomorphism qðb bÞ of the sphere S n . Proof. Because of the definition of N nÀ1 , the boundary maps q induce isomorphisms
Now observe that by definition T 6 is the subgroup
To conclude the argument, recall that the di¤eomorphisms s ¼ qðŝ sÞ generate Z 28 and bP 16 , respectively. r
Before we employ this structural information in the proof of Theorem 4 we need to introduce some notation: Let s 0 be the restriction of s to the equator of S 6 (resp. S 14 ) given by w 0 ¼ <ðwÞ ¼ 0 and let a 0 denote the antipodal map of the equator. In order to be consistent with the standard convention for concatenation of loops we will now define all loops and paths on the unit interval ½0; 1. In particular, we assume thatŝ s is parametrized on ½0; 1 such thatŝ sð1=2Þ ¼ s 0 and such thatŝ sð0Þ gives the identity of S 5 at the north pole of S 6 .
The first information that we get from Lemma 1 is how the actions A of the previous section transfer by the boundary map q to the cyclic subgroups of p 1 Di¤ þ ðS 5 Þ and p 1 Di¤ þ ðS 13 Þ generated byŝ s. We evidently have
where Àŝ s denotes the reverse loop, i.e., ðÀŝ sÞðtÞ ¼ŝ sð1 À tÞ. Thus, the commutation identity
Suppose now that-in contrast to the claim of Theorem 4-the involution r 0 ¼ a 0 s 0 is conjugate to the antipodal map a 0 , i.e., there is a di¤eomorphism h of S 5 or S 13 such that r 0 ¼ a 0 s 0 ¼ ha 0 h À1 . Since a 0 commutes with hyperplane reflections, we may assume that h is orientation preserving. Solving for s 0 , we obtain
Using a path A in SOð6Þ H Di¤ þ ðS 5 Þ (resp. in SOð14Þ H Di¤ þ ðS 13 Þ) from the identity to the antipodal map a 0 (such a path exists for all odd dimensional spheres), we get a pathĉ c from the identity to s 0 given by
The idea is to use this path to cutŝ s in half and to show that the element ½ŝ s A p 1 Di¤ðS nÀ1 Þ is the product of a square and a correction factor contained in N nÀ1 , a factorization that contradicts Lemma 2. In order to make this idea concrete, we decompose
Thus, s ¼ŝ s þ t ðÀŝ s À Þ where t denotes juxtaposition of paths. We concatenate each of these two paths with Àc and get loopŝ f f G ¼ŝ s G t ðÀĉ cÞ (see Figure 4) . Clearly, we have
We claim that ½f f þ equals ½f f À À1 up to some correction factor in N nÀ1 . This implies that ½ŝ s 1 ½f f þ 2 mod N nÀ1 , which is the contradiction that we are striving for.
Decomposing the identity ðŝ sÞ
with respect to the components of s s ¼ŝ s þ t ðÀŝ s À Þ, we find that on the level of paths the following holds: Combining these identities we obtain
Clearly, the map ðs; tÞ 7 ! AðsÞf f þ ðtÞAðsÞ À1 provides a homotopyf f þ F a 0f f þ a À1 0 . Sincê f f þ ðtÞ ¼ Id in a neighborhood of f0; 1g, the preceding map is actually a homotopy relf0; 1g, and so we conclude that in p 1 Di¤ þ ðS nÀ1 Þ the following identity holds:
Thus the proof of Theorem 4 is completed by the following lemma:
Lemma 3. The path a 0ĉ ca À1 0 t ðÀĉ cÞ À1 represents an element in the normal subgroup
Proof. For the purpose of this argument, we find it convenient to assume that the path A in SOðnÞ H Di¤ þ ðS nÀ1 Þ connecting the identity to a 0 is the 1-parameter subgroup obtained by exponentiating some almost complex structure J A soðnÞ. On the path level, this choice yields the identity
where we remind the reader that the minus sign in this equation represents the reverse path, ÀgðtÞ ¼ gð1 À tÞ.
Now consider the mapĤ
Recall that a as claimed. r
The geometry of Hirsch-Milnor involutions
The fact that r ¼ as is an exotic free involution seems like a huge coincidence at first, stemming for the peculiar algebraic properties of the Blakers-Massey elements b. However, a more careful study explains why r has these properties. The understanding comes from the interplay between three constructions: (3) The study of the geometry of geodesics of certain metrics on the Gromoll-Meyer exotic sphere carried out in [11] , and [12] , which in particular produces partial sections and trivializations of the bundle
In [20] , Hirsch and Milnor constructed involutions of S 6 and S 5 that are not conjugate to the antipodal map. These involutions are constructed as follows: first consider the Milnor exotic sphere S 7 2; À1 ( [28] ). This sphere is a S 3 bundle over S 4 with structure group SOð4Þ, and the bundle description is given by taking two copies of R 4 Â S 3 and identifying
The antipodal map in the fibers of the fibration S 3 Á Á Á S 7 2; À1 ! S 4 (that is, in bundle coordinates, the well-defined map ðu; vÞ 7 ! ðu; ÀvÞ) is a free involution t on S In the ðu 0 ; v 0 Þ-coordinates, the same spheres are described by the equations
Then Hirsch and Milnor prove that the involutions are exotic by showing that, if they were not exotic, then S 7 2; À1 would have even order in the cyclic group G 7 G Z 28 , which contradicts the fact that S 7 2; À1 is a generator. A proof in the same spirit shows that t restricted to S 5 is also exotic.
Remark. There are other invariant 6-spheres; in fact in [13] a one-parameter set of invariant 6-spheres is geometrically described. The Hirsch-Milnor construction in fact shows that any invariant 6-sphere produces an exotic projective space as quotient. The invariant 6-sphere S 6 described by <ðvÞ ¼ 0 (equivalently,
is of particular concern for us.
Next in line of this exploration is the Gromoll-Meyer expression for the sphere S in the Milnor description of S 2 2; À1 . We warn the reader that the matrices in [15] are transposes of ours (we write them that way since we use the projection onto the first column a lot).
The Gromoll-Meyer presentation of this exotic sphere induces a quite simple lift to Spð2Þ of the Hirsch-Milnor exotic involution: Proof. By continuity, we only need to show each of these assertions on a convenient open and dense set U or V.
For the first part of the theorem, we need to show that the map m descends to the antipodal map of the fibers of S 3 Á Á Á S the restrictions of the actions r 1 and r 2 to the subgroup f0g Â S
